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1. (a) Find the particular solution of the first order separable differential equation

2x5 dx + 4y
√

x6 + 3 dy = 0

given that y(0) = 2.
(7 marks)

(b) Show the integrating factor of
dy

dx
= 6xy+5x is e−3x2

. Solve the differential equation. Hence

determine the particular solution given that y(0) = 3.
(8 marks)

(c) Use the Method of Undetermined Coefficients to find the general solution of the non-

homogeneous second order differential equation y′′(x) − 14y′(x) + 49y(x) = e4x − x.

(10 marks)

2. (a) Use Euler’s Method with h = 0.03 to obtain an approximation to y(4.16) given that y satisfies

the differential equation y′ + 0.9x2 = 1.7
√

y, and y(4.1) = 2.
(10 marks)

(b) A tank containing liquid is in the form of a circular cylinder of base diameter 5m and of

height 14m. Let h(t) be the height (in metres) of the liquid present in the tank at any time

t (seconds). The tank is emptied through a circular opening at the base of diameter 0.06m

and the velocity of the emerging liquid is given by 0.6
√

2gh where g = 9.81ms−2.

(i) Show that the volume V (t) of liquid in the tank at any time t is given by 6.25πh.

(2 marks)

(ii) Show the differential equation representing the height h(t) of liquid at time t (seconds)

is
dh

dt
= −3.827× 10−4

√
h

(7 marks)

(iii) Solve this differential equation if initially the height of the liquid in the tank is 4m.

(4 marks)

(iv) How long does it take (in hours) to empty the tank if initially the tank is 4m full?

(2 marks)

1

Page 2 of 4



MATH7020: Winter 2018, Page 3

3. (a) Find the Laplace transform of

(i) f(t) = 4t6 − e0.4t + te−7t (ii) f(t) = 2 sin2(πt) (iii) f(t) = −1
3
t3e−1.2t

(10 marks)

(b) The displacement x(t) (in millimetres) of a particle is described by the differential equation

10x′(t) + 3x(t) = 60

where t is the time elapsed in seconds.

(i) Use Laplace transforms to solve the equation given that the initial displacement is zero.

(10 marks)

(ii) Find the velocity and calculate the velocity initially and after 15 seconds.
(3 marks)

(iii) State the final velocity and the approximate time at which it occurs.
(2 marks)

4. (a) Find the inverse Laplace transform of

(i) F (s) =
2s

(s + 6)(s − 8)
(5 marks)

(ii) F (s) =
s + 9

(s − 7)2 + 25
(5 marks)

(b) The differential equation representing free damped motion is given by

m
d2x

dt2
= −kx− β

dx

dt

where β is a positive damping constant, k is a spring constant and m represents mass. A

10-kilogram mass is attached to a spring, stretching it 1.4 metres from its natural length.

Assume a force due to air resistance which is numerically equal to 80 times the instantaneous

velocity acts on the system.

(i) Show that the differential equation governing the subsequent motion is given by

d2x

dt2
+ 8

dx

dt
+ 7x = 0

Take g = 9.8 ms−2 and mg = ks where s is the amount of elongation. (6 marks)

(ii) Use Laplace Transforms to determine the equation of motion if the mass is released from

the equilibrium position with an upward velocity of 1 m/sec. (9 marks)
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Short Table of Laplace Transforms

L{f(t)} = F (s) =
∫ ∞

0

e−stf(t) dt

L{eatf(t)} = F (s − a)

L{f ′(t)} = sF (s) − f(0)

L{f ′′(t)} = s2F (s) − sf(0) − f ′(0)

f(t) F(s)

1
1
s

tn
n!

sn+1

e−αt 1
s + α

sinωt
ω

s2 + ω2

cosωt
s

s2 + ω2

te−αt 1
(s + α)2

e−αt − e−βt β − α

(s + α)(s + β)

e−αt sinωt
ω

(s + α)2 + ω2

e−αt cosωt
s + α

(s + α)2 + ω2
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